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ABSTRACT The classical Thomas-Fermi theory of the
electrons in an atom is amended in a manner that produces
continuity of the electron density p. This is done by imposing
the constraint that fe-Ur V2p dr should be finite, with k deter-
mined by the nuclear cusp condition, followed or preceded by
an optimum coordinate scaling. Electron densities and total
energies are shown to be vastly improved.
The Thomas-Fermi theory of the electrons in a Coulomb
system is flawed in that it gives an electron density that, al-
though normalizable, diverges at an atomic nucleus (1-3).
Not only is p discontinuous, but V2p is not integrable. That p
should be continuous and that V2p should integrate to zero
are natural conditions to impose for Coulomb systems, the
latter for example being analogous to the requirement that
Vqip2 should be integrable in ordinary wavefunction theory.
THEORY
In the present paper this problem is addressed. The flaw in
the Thomas-Fermi theory is removed, by imposing, in ef-
fect, the continuity constraint. The Thomas-Fermi energy
functional itself is left unchanged.
For simplicity consider an atom with N electrons and
atomic number Z. The Thomas-Fermi energy functional
then is
E[p] = CF f p513(r)dr - Z J eFdr + J[p], [1]
where CF = (3/10)(3ir2)213 = 2.8712 and
= 1 p(r)p(r')
=I 2 I Ir - r'I dr dr'. [2]
The standard Thomas-Fermi procedure is to minimize Eq. 1
subject to the normalization condition
N = f p(r)dr. [3]
Thus,
p((r)= ) ( + - Vcoul())) [6]
Self-consistent solution of this equation and Eq. 3 gives ,u
and p(r) for each N and Z and also the energy. For neutral
atoms ,u = 0 (which can be seen from the long-range behav-
ior of Eq. 6) and
E = -0.7687Z713. [7]
For real atoms, this energy is low by 15% or more (see Table
1). The density decays as r 6 as r -x o, whereas the correct
decay of an atomic density is exponential. And as r -+ 0,
p(r) - r-3/2 - oo (conventional Thomas-Fermi) [8]
while the correct behavior is, to first order in r,
p(r) -- p(0)exp(-2Zr) as r -* 0. [9]
This last deficiency signifies that the Thomas-Fermi p for an
atom (or molecule or solid) is discontinuous and that V2p is
nonintegrable.
A remedy may be found. Impose the additional constraint
on the minimization of E[p], that
fe-2k'V2p(r)dr = finite, [10]
where k is to be determined. Attaching a Lagrange multiplier
-X to this, one then finds, in place of Eq. 4,
= (5/3)CFp2'3(r) --+ vCOi(r) - XV2(e-2kr)A + VCOUI~
The result is the Euler equation
.a = (5/3)CFP'3(r) - - + VCQUI(r),r
where u is the Lagrange multiplier for Eq. 3 and
r= If p(r')
Ir - r
= (5/3)CFp213(r) - - [Z - 4ke-2kr]r
- 4Xk-2e-2kr + Vco0l (r). [11]
[4]
But now the singularity in p(r) at r = 0 can be caused to




Then there results, in place of Eq. 6,
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Table 1. Calculated energies of neutral atoms (-E/Z713)
Present work
Atom (Z) Hartree-Fock* Method At Method Bt Method C§
He (2) 0.5678 0.4397 (1.5418) 0.5164 (1.6273) 0.4230 (0.3135)
Ne (10) 0.5967 0.5763 (9.0443) 0.6003 (1.2504) 0.5806 (6.7169)
Ar (18) 0.6204 0.6110 (16.778) 0.6265 (1.1870) 0.6139 (13.611)
Kr (36) 0.6431 0.6439 (34.383) 0.6532 (1.1354) 0.6457 (29.741)
Xe (54) 0.6562 0.6599 (52.106) 0.6667 (1.1131) 0.6612 (46.251)
Rn (86) 0.6698 0.6756 (83.731) 0.6805 (1.0927) 0.6766 (76.049)
In conventional Thomas-Fermi theory, E = -0.7687 Zm/3. In the present work, the following
equations are used: method A, Eqs. 13 and 14; method B, Eqs. 13 and 14, followed by Eq. 21; method
C Eqs. 13 and 22, followed by Eq. 21.
*See ref. 4.
tValues in parentheses represent the quantity k of Eq. 14.
tValues in parentheses represent the scale factor ; of Eq. 20.
§Values in parentheses represent the quantity k of Eq. 22.
p(r) = (5)3[ G+-(1 - e-.lr)
13/2
- vCOUI(r) + Zk e-2kr] . [13]
Self-consistent solution of Eq. 13 gives a continuous p(r)
for each N, Z, and k, with vanishing fV2pdr and finite fe-2kr
V2p dr. Call this pk(r). Put into the energy functional of Eq.
1, this gives E[Pk], a function of N, Z, and k. Minimizing this
with respect to k would give k = oo and the original Thomas-
Fermi theory; this is not the way to determine k. Rather, k
must be determined from some other principle. The obvious
thing to do is to choose k so as to force Eq. 9, the cusp condi-
tion, which holds exactly for the true atomic density. This
yields the formula
k = [(S/9)CFp(0)213]1I2. [14
For each N and Z, there is a k that satisfies Eq. 14. This is
readily determined self-consistently and electron density and
total energy follow. Again , = 0 for neutral atoms.
RESULTS
The results of applying the above procedure (method A) to a
number of neutral atoms are given in Tables 1 and 2. Consid-
erable improvement over the original Thomas-Fermi theory
is seen. Energy values now are quite close to Hartree-Fock
energy values.t And p(O) values, although somewhat low,
approximate Hartree-Fock values for this quantity, with the
increasing trend of p(O)/Z3 values down the periodic table
nicely reproduced.
Call the electron density provided by this procedure pz(r).
Then the kinetic energy, potential energy, and total energy
are respectively given by
TO = CF f[pz(r)]5'3dr,
VO = -ZfPZ(r) dr + J[PZ],




These components do not satisfy the virial theorem. A
scaled version of the theory, obeying the virial theorem, can
however be obtained by a straightforward scaling procedure.
Define the scaled density
[18]pt (r) = tpzQr).
Then for this density Eq. 1 gives
E = t2To + tVO.
A best scale factor t is then given by
[20]
and a corresponding scaled energy is given by
tHartree-Fock data are from numerical calculations by L. J. Barto-
lotti using the numerical Hartree-Fock program of ref. 4. E = - V'/4To.
Table 2. Densities at the nucleus for neutral atoms [p(0)/Z3]
Present work
Atom (Z) Hartree-Fock* Method A Method B Method Ct
He (2) 0.4495 0.2274 0.9799 0.3571 (3.1954)
Ne (10) 0.6199 0.3672 0.7180 0.5067 (1.3098)
Ar (18) 0.6584 0.4020 0.6723 0.5171 (1.2158)
Kr (36) 0.6909 0.4325 0.6330 0.5226 (1.1489)
Xe (54) 0.7063 0.4460 0.6150 0.5236 (1.1220)
Rn (86) 0.7199 0.4581 0.5976 0.5235 (1.0983)
In conventional Thomas-Fermi theory, p(O) = x. In the present work, the following equations are
used: method A, Eqs. 13 and 14; method B, Eqs. 13 and 14, followed by Eq. 18; method C, Eqs. 13
and 22, followed by Eq.18.
*See ref. 4.
tValues in parentheses represent the scale factor of Eq. 20.
[21]
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sented by an expression of the form
60.0
0.0
104 102 1 10-
Hartree-Fock density
FIG. 1. Comparison of conventional and modified densities for
the Kr atom. Upper curves: conventional (---) and modified (-)
Thomas-Fermi densities versus Hartree-Fock density. Lower
curves: radial densities (-.-, Hartree-Fock; ---, conventional
Thomas-Fermi; -, modified Thomas-Fermi) versus Hartree-Fock
density.
Tables 1 and 2 give some numerical results of applying scal-
ing in this way (method B). They are eminently satisfactory.
The results obtained directly from Eqs. 13 and 14, method
A, satisfy the cusp condition but not the virial theorem,
while the scaled results obtained as just described, method
B, satisfy the virial theorem but the cusp condition has been
destroyed. [An analogy from wavefunction theory is instruc-
tive here. Take ls(l)ls(2) as a trial function for He, with ls(r)
- (43/XJ.)1/2 exp(-ir). Method A corresponds to choosing (
- 2, method B corresponds to choosing t = 1.6875.]
A third alternative, method C, preserves both the cusp and
the virial in the final scaled density. To achieve this, one
needs only to choose k properly, from the formula
k = [(5/9t)CFp(0)2]112, [22]
where the scale factor ( is given by Eq. 20. Results are given
in Tables 1 and 2. Again there is remarkable agreement with
Hartree-Fock values. Note that the observed increasing
trend of p(O)/Z3 is maintained, whereas it was reversed in
method B.
While the original Thomas-Fermi energies are exactly giv-
en by Eq. 7, the energies calculated here can be well repre-
Fitting the data on the atoms Ne through Rn by least
squares, one finds C = 0.412 and 0.406 for methods A and C,
respectively, which can be compared with the value C =
0.500 for the Scott correction to conventional Thomas-Fer-
mi theory (5).
DISCUSSION
The conclusion is that the failure of traditional Thomas-Fer-
mi theory to adequately describe atomic cores does not re-
sult mainly from deficiencies in the energy functional itself,
Eq. 1, but rather from failure to impose suitable continuity
conditions on the electron density. It was the Euler equation
that was deficient, and a considerable improvement of it is
presented here. Confirmatory evidence is shown in Fig. 1, in
which the Hartree-Fock electron density, the conventional
Thomas-Fermi electron density, and the density determined
by method C described above are compared for the Kr atom.
Improvement over the traditional Thomas-Fermi density is
observed not only in the atomic core but also in the long-
range region.
Eq. 10 is not the only constraint that gives a continuous
final p; there are many other possibilities. One perhaps of
some interest is the condition
p(r)V2p(r)dr = finite.
Calculations with this constraint give excellent results, very
close to those presented in Tables 1 and 2. The indication is
then that, though the constraint used here is not unique, im-
provements achieved over Thomas-Fermi theory are not
sensitive to form.
The present method is readily extended to molecules and
solids. One need only introduce a constraint similar to Eq. 10
for each nucleus present.
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-EIZ7"3 = 0.7687 - C/Z113. [23]
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